are real, we prove for a fixed suitable natural number r that a f (n), where n varies over almost r-primes, change signs infinitely often, by using sieve theoretic methods and assuming the analog of the Ramanujan conjecture for half-integral weight forms.
Introduction and Statement of Results
Let f = ∞ n=1 a f (n)n k−1 2 q n be a half-integral weight modular form in the Kohnen's +-subspace of weight k + 1 2 on Γ 0 (4) with k ≥ 2. Throughout the article, we shall assume that a f (n)'s are real.
In [7] , Kohnen proved that for any half-integral weight modular form f , not necessarily an eigenform, for a square-free natural number t if there exists n 0 such that a f (tn 2 0 ) = 0, then the sequence a f (tn 2 )(n ∈ N) changes signs infinitely often, i.e., there exists infinitely many n such that a f (tn 2 ) > 0 and infinitely many n such that a f (tn 2 ) < 0. In [4] , Hulse, Kiral, Kuan and Lim proved that if f is an eigenform, then the sequence a f (t), where t runs over all square-free integers, changes sign infinitely often. In [9] , Meher and Murty obtained some quantitative results on the number of sign changes in the sequence a f (n)(n ∈ N)).
Motivated by the Sato-Tate equidistribution theorem for integral weight Hecke eigenforms, it is natural to ask whether there is an equi-distribution theorem in the half-integral weight setting also. To understand this question, the first step is to understand if the sequence a f (p), where p runs over prime numbers, change sign infinitely often or not. Though we are not completely successful in answering this question, we try to answer this question to some extent. In this context, this paper will focus on the sequence a f (n) where n varies over "almost r-primes", i.e., n has at most r-prime factors. The purpose of this paper is to prove the following theorem.
(Γ 0 (4)) be an eigenform in the Kohnen's +-space, i.e., a f (n) = 0 if (−1) k n ≡ 2, 3 (mod 4). If the Ramanujan conjecture holds for a f (n)(n ∈ N), then a f (n) where n runs over all square-free numbers with ω(n) = p|n 1 ≤ r, change signs infinitely often, for a suitable natural number r. Proposition 1.2. Let f, r be as in Theorem 1.1. Suppose the Ramanujan conjecture holds for a f (n)(n ∈ N), then we have
where Y > 3, F is a non-negative smooth function compactly supported in (0, 1) with positive mean value and A = {n ∈ N : 1 ≤ n ≤ Y, µ(n) = ±1}.
In [11] , the oscillations of Fourier coefficients of normalized Hecke eigenforms of integral weight were studied. However, we can't apply those techniques to halfintegral weight forms, since there is no multiplicative theory of eigenforms in this setting. In spite of these, we prove Theorem 1.1 by using sieve theoretic techniques. Of course, we would like to prove the theorem with r = 1, but this goal seems out of reach with present knowledge and our sieve technique.
Here is our strategy. As outlined in [9] , we need to have three ingredients to deduce sign change results for any given sequence of numbers a(n). First, we need an estimate of the form a(n) = O(n α ). Second, we need an estimate
Third, we need an asymptotic formula
with α, β, γ non-negative constants and c > 0. If max(α + β, γ) < 1, then the sequence has infinitely many sign changes. The last condition can be relaxed to
Then, if α + β < 1, the sequence has infinitely many sign changes. In our situation, the assumption of the Ramanujan conjecture (see section 2 below) gives the first estimate for our sequence a f (n) with n an almost prime. For the second estimate, we modify a result of Duke and Iwaniec [2] who showed the second estimate when the argument is restricted over primes. We derive the corresponding result for almost primes. For the third condition, we apply a lower bound sieve technique following a method of Hoffstein and Luo [3] .
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Notations and Preliminaries
We review some facts about the half-integral weight modular forms.
and represents a holomorphic function in this domain. Then by means of the usual Mellin formula and using some standard arguments one proves that the complete L-function
has a holomorphic continuation to the complex plane C and satisfies the functional equation
where
From the results of Waldspurger [15] , we know that for all square-free m, up to a finite set of factors, c
, g, χ m ), where χ m is the quadratic character (
) and g is the classical modular form of weight 2k and level 2 corresponding to the half-integral modular form f via Shimura correspondence [13] . If f ∈ S k+ 1 2 (Γ 0 (4)) is an eigenform of the Hecke operator T k+ 1 2 (p 2 ), then g is also an eigenform of T 2k (p) with the same eigenvalue. In [6] , Iwaniec showed that a f (p)'s are bounded by the factor p . One expects a stronger bound by the following conjecture.
This conjecture is analogous to the classical Lindelöf hypothesis for Dirichlet Lfunctions in the conductor aspect (via Waldspurger's formula).
We also need the following result of Duke-Iwaniec [Section 8, [2] ]. +ǫ , where the sum runs over all prime numbers p ≤ x.
We state a result which can be obtained from the equations (5) and (11) of [3] .
where C is a non-zero constant depending only on g and F , d | P (z), and (d, 4) = 1,
) is the Euler function.
For any r ∈ N, let Λ r denote the generalized von Mangoldt function of order r. It is defined as
For any r ∈ N, we know that
This implies that
We state a lemma which we need in the proof of Proposition 1.2.
for all r ≥ 3.
Proof. We refer the reader to Chapter 1, Section 1, identity (1.12) with χ 2 = θ and Chapter 2, Section 9 of [5] .
We next recall a combinatorial partition of Λ 1 (n) which is a result of Vaughan [14] [cf. equation (16) of [2] ].
Proposition 2.5.
Sums over almost primes
In Proposition 2.2, Duke-Iwaniec obtained the estimation for sums over primes. We modify their proof to show more generally, that for any r ≥ 1, we have Proposition 3.1. If a f (n)'s are as in Theorem 1.1, then for any natural number r and for sufficiently large x, we have
+ǫ .
The following combinatorial partition of Λ r (n) can also be deduced from [Lemma 1, [12] ] with c(n) = (−1) r Λ r (n),b(n) = µ(n), b(n) = 1 and a(n) = (logn) r .
Proposition 3.2.
Proof. Consider
Now taking the second sum in this last line we have, by Möbius inversion,
Again taking the second sum in the final line we have, cd|n,d>y,c≤z
Putting this together, with y = R, z = Q, we get the required partition of Λ r (n).
We obtain the following corollary which is a generalized statement of Proposition 2.5 to any r ∈ N. Corollary 3.3. Suppose n ∈ N with Q < n ≤ QR = X. Then
Proof. If n ≤ QR, note that the last sum in Proposition 3.2 is zero. If n > Q, then the third sum lm|n,l≤Q µ(m)Λ r (l) = l|n,l≤Q Λ r (l) m| n l µ(m) is zero.
, whereψ is the Gauss sum of a Dirichlet character ψ to modulus c ≡ 0 (mod 4) and X ≥ 2. Now, let us consider the sum
Similar to the proof of Proposition 2.2, we shall split the second sum in Corollary 3.3 over the dyadic integers L < l ≤ 2L, M < m ≤ 2M with 2L ≤ Q and 2M ≤ R, and we write accordingly
Lemma 3.4.
Proof. It is enough to estimate
By the Cauchy-Schwarz inequality, we see that
By (14) of [2] , we know that
On the other hand, we see that
This completes the proof.
Proof of Proposition 3.1
Proof. By applying (59) of [2] , We have the following inequality of P R (X)
Continuing as in [2] , we see that
Appropriately choosing M, Q, R, in terms of X, we see that
Therefore, we obtain that
where P r denote the set of all almost r-primes. By using Conjecture 2.1, it can be shown that
. Indeed, µ(n) = 0 means n is not squarefree and so to estimate the sum above, we can break into two parts: n ≤ Y and n > Y . In both segments we use the Ramanujan conjecture to get an estimate of
Finally the proposition follows by choosing a form whose Fourier coefficients are twisted by ψ.
Proof of Proposition 1.2
Proof. Let D be the set {d :
Let r be as in the theorem of [3] .
Consider
By lemma 2.4, we have
Applying this we get
Since by lemma 2.3,
We get
By choosing sufficiently large m, and letting
+ǫ ≪ Y a for some 13 14 + ǫ < a < 1. Recall that by (3),
Hence we conclude that
This completes the proof of Proposition 1.2.
6. Proof of Theorem 1.1 Theorem 1.1 follows from the Conjecture 2.1, Proposition 3.1 and Proposition 1.2 but for the convenience of the reader we include a proof.
Proof. Without loss of generality, we can assume that a f (n) are positive for all n in the set T = {n : x 0 < n ≤ x, µ(n) = ±1, ω(n) ≤ r}, for some natural number x 0 . From Proposition 3.1, for sufficiently large x, we have Replacing Y by x in Proposition 1.2, we get
Hence for sufficiently large x, we have
We have a contradiction from (7) and (9) . Thus there is atleast one sign change of a f (n) for n square-free with ω(n) ≤ r in (x 0 , x]. This completes the proof of our theorem.
The value of r is determined by the results of [3] . In their paper, the authors suggest that by using metaplectic techniques, one can show that r = 4 is permissible. Again based on comments of that paper, it is possible to sharpen this to r = 3 by using weighted sieve techniques [cf. see section 3, [3] for the details]. This seems to be the limit of present-day knowledge.
Concluding Remarks
In this section, by assuming a Siegel-type conjecture, we deduce that the sequence a f (p), where p varies over primes, change signs infinitely often. Then the sequence that a f (p), where p varies over primes, change signs infinitely often.
Proof. Without loss of generality, for sufficiently large x, we can assume that a f (p) are positive for all p in the set T ′ = {n : x 0 < p ≤ x} for some natural number x 0 . From Proposition 2.2, we have We have a contradiction from (10) and (11).
Remark 7.3. Finally, we remark that the assumption of Ramanujan's conjecture in our main theorem can be relaxed somewhat. A weaker assumption, namely a f (n) = O n α for any α such that 0 < α < 1 156 is sufficient to prove the results.
